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Abstract— In multivariable regression, response  variables can have a particular pattern of relationships with predictor variables one of which 
has an unknown pattern of curve form. The nonparametric regression approach is an appropriate approach for the case. One of the 
nonparametric regression approaches is the spline truncated, which has the advantage of knot points. With the point of knots, the resulting 
model will follow the form of changes in data behavior patterns. Changes in data behavior patterns if observed over and over ca n provide 
more complete information about the dynamics of changes in the behavioral patterns of the data. Data obtained from the repeated observation 
of each object at different time intervals is ca lled longitudinal data. Longitudinal data is data from observations and measurement of the same 
individual at ce rtain time periods, which is different from cross  se ction data where the data from each individual is obse rved only once . In a 
statistical analysis, in addition to using descriptive statistics , it is also nece ss ary to conduct an inferential statistical analysis beca use  it is 
very important to do, one of them is testing the simultaneous hypothesis of the model parameters to determine whether the parameter is 
significant to the model. In this paper conducted a study of simultaneous hypothesis testing of parameters on spline truncated nonparametric 
regression model especially on longitudinal data. Based on the result of the simultaneous hypothesis testing of parameters on spline 
truncated nonparametric regression model, it is found that the distribution of test model statistic follows the distribution F with degrees of 
freedom ((np+nrp), ntp-(np+nrp)). 

Index Terms— nonparametric regression, spline truncated, longitudinal data, simultaneous hypothesis testing.  

——————————      —————————— 

1 INTRODUCTION                                                                     

egression analysis is a statistical method who determine re-
lationship pattern between predictor variables and re-
sponse variable. The aim of this regression is to estimed 

parameters who matched with the regression curved. The esti-
mation of regression curve form is used to explain the relation-
ship between response variables and predictor variables. One 
of the most commonly used approaches is the parametric re-
gression approach, where the assumption underlying this ap-
proach is that the form of the regression curve can be repre-
sented by a set of certain parameters or can be described in a 
particular pattern [1]. When the model of regression curve is 
unknown, then nonparametric regression analysis is preferred 

to used [2]. One of the nonparametric regression approaches is 

the spline truncated, which has the advantage of knot points. 
With the point of knots, the resulting model will follow the 
form of changes in data behavior patterns [3].   

Changes in data behavior patterns if observed over and over 

can provide more complete information about the dynamics of 

changes in the behavioral patterns of the data. Data obtained 

from the repeated observation of each object at different time in-

tervals is called longitudinal data. Research by nonparametric 

approach on longitudinal data is mostly done in the field of 

health, but also can be applied to the others, including the social 

and economic [4]. Longitudinal data is data from observations 

and measurement of the same individual at certain time periods, 

which is different from cross section data where the data from 

each individual is observed only once [5]. In a statistical analysis, 

in addition to using descriptive statistics, it is also necessary to 

conduct an inferential statistical analysis because it is very im-

portant to do, one of them is testing the simultaneous hypothesis 

of the model parameters to determine whether the parameter is 

significant to the model. 

Simultaneous hypotesis testing is one of the most important 
parts of statistical inference. Simultaneous hypotesis testing for 
parameters of nonparametric regression can be used to find out 
if predictor variables that significantly influence response vari-
ables. From a statistical test will be obtained a region of rejection 
that will be used to generate a decision for the results of simul-
taneous hypothesis testing. If p-value is less then 𝛼, then at least 
one of the predictor variable has significant effect on the re-
sponse variable. In this research will study about simultaneous 
hypothesis testing in spline truncated nonparametric regression 
for longitudinal data.  

  

2 LITERATURE REVIEW 

2.1 Nonparametric Regression Model 

The regression curve between predictor and response varia-

bles is not always known. If forced to use parametric regression 
then the resulting model is not in accordance with the form of 

relationship pattern which will ultimately produce a large error. 

R 
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Nonparametric regression is one of the approaches used to de-

termine the relationship pattern between predictor variables 

and the unknown response of the regression curve or no com-

plete past information about the shape of the data pattern [3]. 
Some approaches in nonparametric regression include: 

spline, kernel, fourier series, wavelet, etc. Spline is an approach 

often used in nonparametric regression. Somethings to consider 

informing spline regression is to determine the order of the 

model, the number of knots, and the location of the knot point 

[6]. Spline regression has a functional basis which in its parame-

ter optimization process uses optimization. Spline regression 

has the advantage of adjusting data patterns that change sharply 
with knots. In general, nonparametric regression model: 

𝑦𝑖 = 𝑓(𝑧𝑖) + 휀𝑖 ,  𝑖 = 1,2,… , 𝑛 ,                (1)                      

with 𝑦𝑖 is the 𝑖 -th response variable, while the function 𝑓(𝑧𝑖) is 
the regression curve, with 𝑧𝑖 as the predictor variable and 휀𝑖 is 
the random error assumed to be independent normal distribu-
tion with mean zero and variance σ2 [3].  

2.2 Spline Truncated Nonparametric Regression for 
Longitudinal Data 

Spline Truncated nonparametric regression model on longi-
tudinal data can be written in the form: 

    𝑦𝑖𝑗 = 𝑓(𝑧𝑖𝑗) + 휀𝑖𝑗 , 𝑖 = 1,2,… , 𝑛; 𝑗 = 1,2,… , 𝑡   (2)                         

with 

   𝑓(𝑧𝑖𝑗) = ∑ 𝛽𝑞𝑖𝑧𝑖𝑗
𝑞𝑚

𝑞=1 +∑ 𝛾𝑙𝑖(𝑧𝑖𝑗 −𝐾𝑙𝑖)+
𝑚𝑟

𝑙=1 ,                              

where n is the number of observed objects and t is the amount 
of time of the object being observed, while  ∑ 𝛽𝑞𝑖𝑧𝑖𝑗

𝑞𝑚
𝑞=1  is poly-

nomial components dan ∑ 𝛾𝑙𝑖(𝑧𝑖𝑗 −𝐾𝑙𝑖)+
𝑚𝑟

𝑙=1  is truncated trun-
cated with: 

(𝑧𝑖𝑗 − 𝑘𝑙𝑖)+
𝑚
= ቊ

(𝑧𝑖𝑗 − 𝑘𝑙𝑖)
𝑚
, 𝑧𝑖𝑗 ≥ 𝑘𝑙𝑖
0, 𝑧𝑖𝑗 < 𝑘𝑙𝑖

   
                         

Equation (1) is a nonparametric regression spline-truncated 
form in longitudinal data with one nonparametric predictor 
variable. If the nonparametric spline truncated regression in the 
longitudinal data consists of one response variable with a non-
parametric predictor variable of 𝑞, then the spline truncated re-
gression curve for longitudinal data with m = 1 can be ex-
pressed in terms of the following equation 

    𝑓(𝑧𝑖𝑗) = ∑ ቀ∑ 𝛽
𝑞𝑖

𝑚
𝑞=1 𝑧𝑖𝑗𝑘

𝑞 +∑ 𝛾𝑙𝑖
𝑟
𝑙=1 (𝑧𝑖𝑗𝑘 − 𝑘𝑙𝑖)+

𝑚
ቁ

𝑝
𝑘=1 .                          

So, equation (2) becomes 

𝑦𝑖𝑗 = ∑ ቀ∑ 𝛽
𝑞𝑖

𝑚
𝑞=1 𝑧𝑖𝑗𝑘

𝑞 +∑ 𝛾𝑙𝑖
𝑟
𝑙=1 (𝑧𝑖𝑗𝑘 −𝑘𝑙𝑖)+

𝑚
ቁ

𝑝
𝑘=1 + 휀𝑖𝑗 , (3)                         

with 𝑖 = 1,2,… , 𝑛; 𝑗 = 1,2,… , 𝑡. 

In longitudinal data, parameter estimates were obtained us-
ing Weighted Least Square (WLS) to overcome correlations in the 
same observational subjects. Then write equation (3) in matrix 
notation as follows 

�̃� = 𝑇(𝑍,𝒁[𝐤])𝛿 + 휀̃ (4)                         

the 𝛿 consist of the parameter 𝛽෨መ dan �̃�. Estimator of 𝛿መ is ob-
tained by completing the WLS optimization as follows: 

min
𝛿 ∈𝑅(𝑚+𝑟)𝑛𝑝

{(�̃� − 𝑇(𝑍,𝒁[𝐤])𝛿)′𝐖(�̃� − 𝑇(𝑍, 𝒁[𝐤])�̃�)}, (5)                         

With matrix 𝑾 is given by 

𝑾 = [

𝑾𝟏

0
⋮
0

  

0
𝑾𝟐

⋮
0

  

⋯
⋯
⋱…

  

0
0
⋮
𝑾𝒏

],                          

2.3 Generalized Cross Validation (GCV) 

One of the most commonly used methods of choosing an 
optimum knot point is the Generalized Cross Validation (GCV). 
Compared with other methods, such as Cross Validation (CV) 
and Unbiased Risk (UBR) or Generalized Maximum Likelihood 
(GML) methods, GCV has theoretically optimal asymptotic 
properties [7]. GCV method also has advantages that do not 
require knowledge of the population variance σ2 and GCV 
invariance method of transformation [7]. 

GCV function is given by 
 

𝐺𝐶𝑉(𝑘෨) =
𝑛−1∑ (𝑦𝑖 − 𝑦ො𝑖)

2𝑛
𝑖=1

ൣ1 − 𝑛−1𝑡𝑟𝑎𝑐𝑒(𝐴(𝑘෨))൧
2 ,                          

with GCV being a vector containing GCV values from knot points. 

Optimum knot points is obtained through optimization  

min
𝑘1,𝑘2,…,𝑘𝑟

{𝐺𝐶𝑉(𝑘෨)} = min
𝑘1,𝑘2,…,𝑘𝑟

൝
𝑛−1∑ (𝑦𝑖 − 𝑦ො𝑖)

2𝑛
𝑖=1

ൣ1 − 𝑛−1𝑡𝑟𝑎𝑐𝑒(𝐴(𝑘෨))൧
2ൡ ,                          

with  𝑘෨ = (𝑘1, 𝑘2, … , 𝑘𝑟).  𝑨[𝑘]෨  get from equation 

�̃� = 𝑨[𝑘]෨ �̃�                          

 

3 METHODOLOGY RESEARCH 

3.1 Source of Data 

This research used secondary data from Gross Regional 
Domestic Product (GRDP) by industry classification and 
Regency/Municipality in Papua Province in 2011-2016, and 
Human Development Index (HDI) in 2011-2016. The 
observation units are 29 Regency/Municipality in Papua 
Province. 

3.2 Variables Research 

The research variables used is response variables (Y) and 
two predictor variables (𝑍1 𝑑𝑎𝑛 𝑍2). 

TABLE 1. 
RESEARCH VARIABLES 

Variabels Explanation 

𝒀 Economic Growth Rate 

𝒁𝟏 Mean Years of Schooling (MYS) 

𝒁𝟏 Life Expectancy – e0 
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4 RESULTS AND DISCUSSION 
 
4.1 Estimation of Spline Truncated Regression 

Nonparametric Parameters on Longitudinal Data 
Based on equation (4) and (5) we get estimator of parameter 

𝛽෨መ  

𝛽෨መ = ൜𝐈 − (𝒁𝑇𝑾𝚭)−1𝒁𝑇𝑾𝚭(𝑘෨) ൬𝒁(𝑘෨)
𝑇
𝑾𝚭(𝑘෨)൰

−1

𝒁(𝑘෨)
𝑇
𝑾𝚭ൠ

−1

 

(𝒁𝑇𝑾𝚭)−1𝒁𝑇𝑾�̃� − (𝒁𝑇𝑾𝚭)−1𝒁𝑇𝑾𝚭(𝑘෨) ൬𝒁(𝑘෨)
𝑇
𝑾𝚭(𝑘෨)൰

−1

𝒁(𝑘෨)
𝑇
𝑾�̃� 

                         

𝛽෨መ = 𝐔(𝑘෨)�̃� 

with 𝐔(𝑘෨) = 𝐀(𝒁𝑇𝑾𝚭)−1 ൜𝒁𝑇𝑾−
𝒁𝑇𝑾𝚭(𝑘෨) ൬𝒁(𝑘෨)

𝑇
𝑾𝚭(𝑘෨)൰

−1

𝒁(𝑘෨)
𝑇
𝑾ൠ 

and we get 

�̃� = ൜𝐈 − ൬𝒁(𝑘෨)
𝑇
𝑾𝚭(𝑘෨)൰

−

ቀ
1

𝒁(𝑘෨)
𝑇
𝑾𝚭ቁ𝒁𝑇𝑾𝚭(𝑘෨)ൠ

−1

 

൬𝒁(𝑘෨)
𝑇
𝑾𝚭(𝑘෨)൰

−1

𝒁(𝑘෨)
𝑇
𝑾�̃� − ൬𝒁(𝑘෨)

𝑇
𝑾𝚭(𝑘෨)൰

−1

 

𝒁(𝑘෨)
𝑇
𝑾𝚭(𝒁𝑇𝑾𝚭)−1𝒁𝑇𝑾�̃� 

                              

�̃� = 𝐕(𝑘෨)�̃� 

with 𝐕(𝑘෨) = 𝐀൬𝒁(𝑘෨)
𝑇
𝑾𝚭(𝑘෨)൰

−1

ቄ𝒁(𝑘෨)
𝑇
𝑾−

𝒁(𝑘෨)
𝑇
𝑾𝚭(𝒁𝑇𝑾𝚭)−1𝒁𝑇𝑾ቅ 

After get estimator 𝛽෨መ dan �̃�, then the spline truncated regres-

sion model on the longitudinal data can be written to be: 

�̃� = 𝐙𝛽෨መ +  𝐙(𝑘෨)�̃� 

= 𝐙𝐔(𝑘෨)�̃� +  𝐙(𝑘෨)𝐕(𝑘෨)�̃� 

= ቀ𝐙𝐔(𝑘෨) + 𝐙(𝑘෨)𝐕(𝑘෨)ቁ �̃� 

= ቀ𝐌(𝑘෨) + 𝐍(𝑘෨)ቁ �̃� 

= 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿 

with: 

 𝐌(𝑘෨) = 𝐙𝐔(𝑘෨) 

𝐍(𝑘෨) = 𝐙(𝑘෨)𝐕(𝑘෨) 

4.2 Hypothesis Testing Formulation 

Give a spline truncated nonparametric regression model on 

longitudinal data in matrix form as follows: 

�̃� = 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿 + 휀̃                (6) 

with 

�̃� = [

�̃�1
�̃�2
⋮
�̃�𝑛

]

𝑛𝑡 x 1

;𝐓 = [𝐙 𝐙(𝑘෨)]𝑛𝑡 x (𝑛𝑝+𝑛𝑟𝑝) ;𝛿 = [
𝛽෨

�̃�
]
(𝑛𝑝+𝑛𝑟𝑝) x 1

  

휀̃ = [

휀1̃
휀2̃
⋮
휀�̃�

]

𝑛𝑡 x 1

  

response �̃� is a sized vector 𝑛𝑡 x 1. 𝛿 is a vector that contains 

sized parameters 𝛽෨ and �̃� sized (𝑛𝑝 + 𝑛𝑟𝑝) x 1, and 휀̃ is error 

vector. If 휀̃~𝑁(0෨, 𝜎2𝐖), so �̃�~𝑁 ቀ𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿, 𝜎2𝐖ቁ, 

when 

 0෨ = (

0෨

0෨
⋮
0෨

) dan 𝜎2𝐖= [

𝜎2𝐖𝟏 𝟎

𝟎 𝜎2𝐖𝟐

⋯
𝟎
𝟎

⋮           ⋮ ⋱ ⋮
𝟎          𝟎 ⋯ 𝜎2𝐖𝒏

] 

 

the simultaneous hypothesis formulation used to test the signif-

icance of non-parametric spline truncated regression model pa-

rameters on longitudinal data is: 

𝐻0: 𝛿 = 0 
𝐻1: at least one component inside 𝛿 ≠ 0             

where 

 𝛿 =

(

 
 
 
 
 

𝛽11, … , 𝛽𝑚1, … , 𝛽1𝑝, … , 𝛽𝑚𝑝
𝛽12, … , 𝛽𝑚2, … , 𝛽2𝑝, … , 𝛽𝑚𝑝

⋮
𝛽1𝑛, … , 𝛽𝑚𝑛, … , 𝛽𝑛𝑝, … , 𝛽𝑚𝑝
𝛾11, … , 𝛾𝑟1, … , 𝛾1𝑝, … , 𝛾𝑟𝑝

⋮
𝛾1𝑛, … , 𝛾𝑟𝑛 , … , 𝛾𝑛𝑝, … , 𝛾𝑟𝑝 )

 
 
 
 
 

′

 

parameter space below 𝐻 (Ω) as follows: 

 Ω = {𝛿 = (𝛽෨1, 𝛽෨2, … , 𝛽෨𝑛, �̃�1, �̃�2, … , �̃�𝑛), 𝜎
2𝐖}                            (7) 

whereas, the parameter space below 𝐻0(𝜔) as follows: 

𝜔 = {(𝛿,𝜎2𝐖),𝛿 = 0෨} = {𝜎2𝐖}               (8) 
 

To get the parameter estimation below 𝐻(Ω) pada data longi-

tudinal one way is to use WLS method. Based on the equation 

(6), then the model under space 𝐻(Ω) is: 

�̃� = 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿Ω + 휀̃     

so, the equation as follows: 

휀̃ = �̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ω    

Next is give the equation of the sum of squares error with the 

weighting matrix 𝐖 as follows: 

휀̃′𝐖−𝟏휀̃ = ቀ�̃� − 𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ωቁ
′
𝐖Ω
−𝟏 ቀ�̃� − 𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ωቁ 

= ൬�̃�′ − 𝛿Ω
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨) ൰ቁ 𝐖Ω

−𝟏 ቀ�̃� − 𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ωቁ 

= �̃�′𝐖Ω
−𝟏�̃� − 𝛿Ω

′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏�̃� − �̃�′𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ω + 

𝛿Ω
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ω 

= �̃�′𝐖Ω
−𝟏�̃� − 2𝛿Ω

′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏�̃� +

   𝛿Ω
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ω        

= 𝑄(𝛿Ω)           
 

From equation (7) will be partially derived from 𝛿Ω to ob-

tain an estimate of the parameters below space Ω, as follows: 
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𝜕(𝑄(𝛿Ω))

𝜕(𝛿Ω)
=
𝜕ቀ�̃�′𝐖Ω

−𝟏�̃�−2�̃�Ω
′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖Ω

−𝟏�̃�+�̃�Ω
′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖Ω

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̃�Ωቁ

𝜕(𝛿Ω)
  

= −2𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖Ω
−𝟏�̃� + 2𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿Ω 

if the result of the partial derivative is equal to zero, then 

an equation of parameter estimator below space Ω is as fol-

lows: 

−2𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏�̃� + 2𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿Ω = 0 

𝛿መΩ = ൬𝐓
′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏�̃�  

If the likelihood function is given for the parameter space Ω as 

follows: 

𝐿(𝛿Ω,𝐖Ω) = ∏ 𝑓(�̃�𝑖)
𝑛
𝑖=1   

 = ∏
1

2𝜋|𝐖Ω𝐢|
1
2⁄
𝑒−

1

2
ቀ�̃�𝑖−𝐓𝐢ቀ𝐙,𝐙(𝑘෨ )ቁ�̃�Ωiቁ

′
𝐖Ω𝐢
−𝟏ቀ�̃�𝑖−𝐓𝐢ቀ𝐙,𝐙(𝑘෨ )ቁ�̃�Ωiቁ𝑛

𝑖=1   

= (2𝜋|𝐖Ω|)
−𝑛2𝑒−

1
2ቀ
�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ𝛿Ωቁ

′
𝐖Ω
−𝟏ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ𝛿Ωቁ 

= (2𝜋|𝐖Ω|)
−𝑛2 

𝑒
−
1

2
ቀ�̃�′𝐖Ω

−𝟏�̃�−2�̃�Ω
′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖Ω

−𝟏�̃�+𝛿Ω
′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖Ω

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̃�Ωቁ            (9) 

then, if the equation (9) lowered against 𝐖Ω, the estimator equa-

tion will be obtained for �̂�Ω as follows: 

�̂�Ω =
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ

′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ

𝑛
                         (10) 

If ቀ�̃� − 𝐓ቀ𝐙,𝐙(𝑘෨)ቁ𝛿መΩቁ = 𝐴 and ቀ�̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መΩቁ
′

= 𝐴′, 

then substituting the equation (10) into equation (9) then the 

maximum value of the likelihood function becomes: 

max
Ω
𝐿 ቀ𝛿መΩ, �̂�Ωቁ = (2𝜋|�̂�Ω|)

−𝑛2𝑒
−
𝑛

2
ቀA′(A′A)

−1
Aቁ           (11) 

by following the operating properties of that matrix A′(A′)−1 =

I dan A−1A = I,  then equation (11) become: 

 max
Ω
𝐿 ቀ𝛿መΩ, �̂�Ωቁ = (2𝜋|�̂�Ω|)

−𝑛
2𝑒−

𝑛

2                 

The next step is to get the parameter estimate below 𝐻0(𝜔) 

by using the Function methods Multiplier Lagrange (LM), be-

cause there are conditions (constraints). Given LM function as 

follows: 

𝐹(𝛿ω, 𝜃) = 𝑉(𝛿ω) + 2𝜃
′(𝛿ω)            (12) 

where:  

 𝑉(𝛿ω) = ቀ�̃� − 𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿ωቁ
′
𝐖ω
−𝟏 ቀ�̃� − 𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿ωቁ       (13) 

with condition (𝛿ω). So, equation (13) will be described as fol-

lows: 

𝑉(𝛿ω) = ቀ�̃� − 𝐓ቀ𝐙,𝐙(𝑘෨)ቁ 𝛿ωቁ
′

𝐖ω
−𝟏 ቀ�̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿ωቁ 

= �̃�′𝐖ω
−𝟏�̃� − 𝛿ω

′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏�̃� − �̃�′𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿ω +

𝛿ω
′
𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖ω

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨)ቁ𝛿ω  

= �̃�′𝐖ω
−𝟏�̃� − 2𝛿ω

′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏�̃� + 𝛿ω
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏 

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿ω              (14) 

Furthermore, by substituting equation (14) into equation (12), 

we obtain the following equation: 

𝐹(𝛿ω, 𝜃) = �̃�
′𝐖ω

−𝟏�̃� − 2𝛿ω
′
𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖ω

−𝟏�̃� + 

𝛿ω
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿ω + 2𝜃
′(𝛿ω)      (15) 

From equation (15) will be derived partially to 𝛿ω to obtain 

an estimate of the parameter under space ω, which is as follows: 

𝜕 ቀ𝐹(𝛿ω, 𝜃)ቁ

𝜕(𝛿ω)
= −2𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏�̃� + 2𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖ω
−𝟏 

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿ω + 2𝜃              (16) 

if equation (16) is equal to zero, then the equation becomes: 

−2𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏�̃� + 2𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿ω + 2𝜃 = 0 

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿ω = 𝐓

′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖ω
−𝟏�̃� − 𝜃 

so, get 𝛿መ𝜔 as follows: 

𝛿መ𝜔 = ൬𝐓
′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

ቀ𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏�̃� − 𝜃ቁ 

= ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏�̃� −

൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝜃  

= 𝛿መΩ − ൬𝐓
′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝜃          (17)

  

then, if equation (15) is lowered to θ, then the equation will be 

obtained: 
𝜕ቀ𝐹(𝛿ω,𝜃)ቁ

𝜕(𝜃)
= 2𝛿ω            (18) 

if equation (18) is equal to zero, then it will be: 

 𝛿መ𝜔 = 0             (19) 

then equation (19) is substituted into equation (17) to obtain the 

value θ as follows: 

0 = 𝛿መΩ − ൬𝐓
′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝜃 

൬𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝜃 = 𝛿መΩ 

𝜃 = ൬൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

൰
−1

𝛿መΩ 

𝜃 = 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መΩ   

so, equation (17) becomes: 

 𝛿መ𝜔 = 𝛿
መ
Ω − ൬𝐓

′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙,𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ 

𝐖ω
−𝟏𝐓ቀ𝐙,𝐙(𝑘෨)ቁ𝛿መΩ     

If the likelihood function is given below the parameter space ω 

as follows: 

𝐿(𝛿𝜔,𝐖𝜔) = ∏ 𝑓(�̃�𝑖)
𝑛
𝑖=1   

 = ∏
1

2𝜋|𝐖𝜔𝐢|
1
2⁄
𝑒−

1

2
ቀ�̃�𝑖−𝐓𝐢ቀ𝐙,𝐙(𝑘෨ )ቁ�̃�𝜔iቁ

′
𝐖𝜔𝐢
−𝟏ቀ�̃�𝑖−𝐓𝐢ቀ𝐙,𝐙(𝑘෨ )ቁ𝛿𝜔iቁ𝑛

𝑖=1   

= (2𝜋|𝐖𝜔|)
−𝑛2𝑒−

1
2ቀ
�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ𝛿𝜔ቁ

′
𝐖𝜔
−𝟏ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̃�𝜔ቁ 

= (2𝜋|𝐖𝜔|)
−𝑛2 

𝑒−
1

2
ቀ�̃�′𝐖𝜔

−𝟏�̃�−2�̃�𝜔
′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖𝜔

−𝟏�̃�+�̃�𝜔
′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖𝜔

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̃�𝜔ቁ          (20) 

log 𝐿(𝛿𝜔,𝐖𝜔) = −
𝑛

2
log(2𝜋|𝐖𝜔|) −

1

2
ቀ�̃�′𝐖𝜔

−𝟏�̃� −

2𝛿𝜔
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔

−𝟏�̃� + 𝛿𝜔
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿𝜔ቁ  

   (21) 

then if equation (21) is partially derived 𝐖𝜔, the estimator equa-

tion will be obtained for �̂�𝜔 as follows: 
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�̂�𝜔 =
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�𝜔ቁ

′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�𝜔ቁ

𝑛
             (22) 

If ቀ�̃� − 𝐓ቀ𝐙,𝐙(𝑘෨)ቁ 𝛿መ𝜔ቁ = B and ቀ�̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መ𝜔ቁ
′

= B′, 

then by substituting equation (22) into equation (20) then the 

maximum value of the likelihood function becomes: 

max
𝜔
𝐿 ቀ𝛿መ𝜔, �̂�𝜔ቁ = (2𝜋|�̂�𝜔|)

−𝑛2𝑒
−
𝑛

2
ቀB′(B′B)

−1
Bቁ              (23) 

by following the operating properties of that matrix B′(B′)−1 =

I dan B−1B = I,  then equation (23) becomes: 

 max
𝜔
𝐿 ቀ𝛿መ𝜔, �̂�𝜔ቁ = (2𝜋|�̂�𝜔|)

−𝑛2𝑒−
𝑛

2        

 
4.3 Likelihood Ratio for Test Statistic  

𝜆(𝑧, 𝑧(𝑘෨), 𝑦) =
𝐿(�̂�)

𝐿(Ω̂)
=
(2𝜋|�̂�𝜔|)

−
𝑛
2𝑒
−
𝑛
2

(2𝜋|�̂�Ω|)
−
𝑛
2𝑒
−
𝑛
2
= ൬

|�̂�𝜔|

|�̂�Ω|
൰
−
𝑛

2
   

= (
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�𝜔ቁ

′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�𝜔ቁ

ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ
′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�Ωቁ

)

−
𝑛

2

            (24) 

Then do the translation of the numerator by considering G to 

be: 

G = ቀ�̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መ𝜔ቁ
′

ቀ�̃� − 𝐓ቀ𝐙,𝐙(𝑘෨)ቁ 𝛿መ𝜔ቁ 

then substituting ቀ−𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿መΩ + 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿
መ
Ωቁ into G, 

then it will be: 

G = ቀ�̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መΩቁ
′

ቀ�̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መΩቁ + 

P ቀ𝛿መΩ − 𝛿
መ
𝜔ቁ + ቀ𝛿

መ
Ω − 𝛿

መ
𝜔ቁ

′

𝐐 + ቀ𝛿መΩ −

𝛿መ𝜔ቁ
′

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐓 ቀ𝐙,𝐙(𝑘෨)ቁ ቀ𝛿መΩ − 𝛿
መ
𝜔ቁ         (25) 

the component of the second and third segments in equation 

(25) will then be described P = ቀ�̃� −

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿መΩቁ
′

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ and Q = 𝐓′ ቀ𝐙, 𝐙(𝑘෨) ቀቁ �̃� −

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿መΩቁ by distributing 𝛿መΩ as follows: 

P

= (�̃�

− 𝐓 ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

ቀ𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔
−𝟏�̃�ቁ)

′

 

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 

= �̃�′𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ− �̃�′𝐖𝜔
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 

൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐓 ቀ𝐙,𝐙(𝑘෨)ቁ 

= �̃�′𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ− �̃�′𝐓ቀ𝐙,𝐙(𝑘෨)ቁ = 0 

and  

Q = 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ 

(�̃�

− 𝐓 ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

ቀ𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔
−𝟏�̃�ቁ) 

= 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ �̃�

− 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐓 ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖𝜔
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

 

ቀ𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖𝜔
−𝟏�̃�ቁ 

= 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ �̃� − 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ �̃� = 0 

 

then the equation G will be substituted to the numerator seg-

ment in equation (24) as follows: 

 𝜆(𝑧, 𝑧(𝑘෨), 𝑦) =

(
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ

′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�Ωቁ+�̂̃�Ω (൬

′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖𝜔

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨ ) ൰ቁ
−1
)

−1

�̂�Ω

ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ
′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ

)

−
𝑛

2

 

= (1+
�̂�Ω (൬

′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖𝜔

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨ ) ൰ቁ
−1
)

−1

�̂�Ω

ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�Ωቁ
′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ

)

−
𝑛

2

  

=

(

  
 1

1+
�̂̃�Ω (൬
′

𝐓′ቀ𝐙,𝐙(�̃�)ቁ𝐖𝜔
−𝟏𝐓ቀ𝐙,𝐙(�̃�) ൰ቁ

−1
)

−1

�̂̃�Ω

ቀ�̃�−𝐓ቀ𝐙,𝐙(�̃�)ቁ�̂̃�Ωቁ
′
ቀ�̃�−𝐓ቀ𝐙,𝐙(�̃�)ቁ�̂̃�Ωቁ )

  
 

−
𝑛

2

  

= (
1

1+
M1
M

)
2

−
𝑛

2

              (26) 

Based on the equation (26), we can find the test statistic of 

the hypothesis 𝐻0: �̃� = 0 against 𝐻1: there is at least one param-

eter component inside 𝛿 ≠ 0 with process as follows: 

(
1

1 +
M1
M

)

2

−
𝑛
2

< 𝑘 

V > 𝑘∗                         

so, it can be stated that 𝑘∗ is a test statistic, where 

𝑘∗ = (൬
1
൰
k

𝑛
2
− 1)

(𝑛𝑡𝑝 − (𝑛𝑝 + 𝑛𝑟𝑝))

(𝑛𝑝 + 𝑛𝑟𝑝)
 

4.4 Distribution of Testing Statistics 

Based on equation (26) we obtain an equation denoted by 

Q as below: 

Q =
M1

M2
=
�̂�Ω (൬

′
𝐓′ቀ𝐙,𝐙(𝑘෨ )ቁ𝐖𝜔

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨ ) ൰ቁ
−1
)

−1

�̂�Ω

ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂̃�Ωቁ
′
ቀ�̃�−𝐓ቀ𝐙,𝐙(𝑘෨ )ቁ�̂�Ωቁ

           (27) 

The next step is to get the distribution of the test statistic, 

then what needs to be done is to describe the equation M1 and 

M2 in equation (27). The following is a translation process for 

the equations M1, is: 

M1 = 𝛿
መ
Ω ൬൬
′
𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖𝜔

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨) ൰ቁ
−1

൰
−1

𝛿መΩ     

= �̃�′𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙,𝐙(𝑘෨) ൰ቁ

−1

 

𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖Ω
−𝟏�̃�              (28) 

From equation (28), if: 

𝐀 = 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 
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And it will be proven that matrix A is symmetrical and idem-

potent. Matrix A is symmetrical if 𝐀′ = 𝐀. The proof is: 
𝐀′

= (𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏)

′

 

= 𝐓ቀ𝐙,𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙,𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 

= 𝐀 (proven)              (29) 

and, 
𝐀2

= (𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏)

2

 

= 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 𝑥  

𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 

= 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 

= 𝐀 (proven)             (30) 

From equations (29) and (30), it has been proven that the ma-

trix 𝐀 is symmetric and idempotent then M1 also symmetrical 

and idempotent, so it can be stated that: 
M1

𝝈𝟐
~𝜒(𝑟1,�̃�′𝐴�̃�/2𝝈𝟐)

2      

then want to get the value 𝑟1 dan 𝜇′𝐴𝜇/2𝝈𝟐. Because matrix 𝐀 is 

symmetric and idempotent then 𝑟1 = 𝑟𝑎𝑛𝑘(𝐀) = 𝑡𝑟(𝐀). 
𝑡𝑟(𝐀)

= 𝑡𝑟 (𝐓 ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏) 

If 𝐁 = 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

 and 𝐂 =

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏, t 𝑡𝑟(𝐀) = 𝑡𝑟(𝐁𝐂) = 𝑡𝑟(𝐂𝐁), so, 

𝑡𝑟(𝐀)

= 𝑡𝑟 (𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

) 

= 𝑡𝑟(𝐈(𝑛𝑝+𝑛𝑟𝑝) ) 
= (𝑛𝑝+ 𝑛𝑟𝑝) 

So, 𝑟1 = 𝑟𝑎𝑛𝑘(𝐀) = 𝑡𝑟(𝐀) = (𝑛𝑝 + 𝑛𝑟𝑝). 

Next will looking for value from 𝜇′𝐴𝜇/2𝝈𝟐 as follows: 

𝜇′𝐴𝜇 = ቀ𝐓ቀ𝐙,𝐙(𝑘෨)ቁ 𝛿መ𝜔ቁ
′

𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መ𝜔 

= 𝛿መ𝜔
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿መ𝜔      

= 𝛿መΩ
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿መΩ − 𝛿
መ
Ω

′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ 

𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿መΩ 

= 0 

so, it can be stated that: 

M1

𝝈𝟐
~𝜒(𝑛𝑝+𝑛𝑟𝑝)

2         

The next stage is to describe the segment M2 as follows: 

M2 ቀ= �̃� − 𝐓ቀ𝐙,𝐙(𝑘෨)ቁ𝛿መΩቁ
′

ቀ�̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ 𝛿መΩቁ  

= (�̃�′ − 𝛿መΩ
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ ቀ) �̃� − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝛿መΩቁ 

= �̃�′�̃� − 2𝛿መΩ
′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ+ 𝛿መΩ

′
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐓 ቀ𝐙,𝐙(𝑘෨)ቁ𝛿መΩ 

= �̃�′ [𝐈 −

𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨) ]ቁ �̃�    

 

= �̃�′𝐁�̃�            (31) 

From equation (31) can be specified if: 
𝐁

= 𝐈 − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ 

then it will be proven that 𝐁 symmetrical and idempotent ma-

trix. Matrix 𝐁 symmetric if 𝐁′ = 𝐁, and here is the translation. 

 𝐁′ = (𝐈 −

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨) )ቁ

′

 

= 𝐈

− 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ 

= 𝐁 (proven)        

dan 
𝐁2

= (𝐈

− 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨) )ቁ

2

 

= 𝐈 − 𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ 

= 𝐁 (proven)      

so, it proved that 𝐁 is idempotent matrix. Because M2 is sym-

metrical and idempotent, then it can be stated that: 
M2

𝝈𝟐
~𝜒(𝑟2,�̃�′𝐴�̃�/2𝝈𝟐)

2      

Next will find the value for 𝑟2 and 𝜇′𝐴𝜇/2𝝈𝟐. Because 𝐁 adalah 

symmetrical and idempotent matrix, then 𝑟2 = 𝑟𝑎𝑛𝑘(𝐁) =

𝑡𝑟(𝐁). 

𝑡𝑟(𝐁) = 𝑡𝑟 (
𝐈 − 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏

) 

= 𝑡𝑟(𝐈) − 𝑡𝑟 (
𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨)

൬

ቁ

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1) 

= 𝑡𝑟(I𝒏𝒕𝒑) − 𝑡𝑟(𝐈(𝑛𝑝+𝑛𝑟𝑝) ) 

= 𝑛𝑡𝑝 − (𝑛𝑝 + 𝑛𝑟𝑝) 

so, it is obtained that: 
𝑟2 = 𝑟𝑎𝑛𝑘(𝐁) = 𝑡𝑟(𝐁) = 𝑛𝑡𝑝 − (𝑛𝑝+ 𝑛𝑟𝑝) 
and then the value will be searched from 𝜇′𝐁�̃�/2𝝈𝟐 as follows: 
𝜇′𝐁𝜇

2𝝈𝟐

=
𝛿መ′𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ ቀ𝐓ቀ𝐙,𝐙(𝑘෨)ቁ𝛿መቁ − 𝛿መ′𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ ቀ𝐓ቀ𝐙,𝐙(𝑘෨)ቁ𝛿መቁ

2𝝈𝟐
 

= 0 

so, it can be stated that: 
M2

𝝈𝟐
~𝜒(𝑛𝑡𝑝−(𝑛𝑝+𝑛𝑟𝑝))

2      
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𝐀𝐁

= 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 𝐱   

𝐈 − 𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ 

= 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 + 

−𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(�̃�)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(�̃�) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(�̃�)ቁ𝐖Ω
−𝟏 

𝐓ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙,𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙,𝐙(𝑘෨)ቁ 

= 𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 + 

−𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 

= 0 

because 𝐀𝐁 = 𝟎, then M1 and M2 independent. From some 

elaboration of the above equation, the following results are 

obtained: 

1. 
M1

𝝈𝟐
~𝜒(𝑛𝑝+𝑛𝑟𝑝)

2  

2. 
M2

𝝈𝟐
~𝜒(𝑛𝑡𝑝−(𝑛𝑝+𝑛𝑟𝑝))

2  

3. M1 and M2 independently 

 

so, based on Rencher (2007) which states that if 𝑢 is 𝜒(𝑝)
2 , 𝑣 is 

𝜒(𝑞)
2 , also 𝑢 and 𝑣 independent, then: 

V =
𝑢 𝑝⁄

𝑣 𝑞⁄
~𝐹(𝑝,𝑞) 

V =
M (1 𝑛𝑝+𝑛𝑟𝑝)⁄

M (2 𝑛𝑡𝑝−(𝑛𝑝+𝑛𝑟𝑝))⁄
~𝐹((𝑛𝑝+𝑛𝑟𝑝),𝑛𝑡𝑝−(𝑛𝑝+𝑛𝑟𝑝))   

with 
M1

= �̃�′𝐓ቀ𝐙, 𝐙(𝑘෨) ൬ቁ 𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏�̃� 

M2

= �̃�′ [𝐈

− 𝐓 ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏 ൬𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨) ]ቁ �̃� 

 
4.5 Rejection Area of Hypothesis Null 

Rejection area 𝜆 < 𝑘, where 𝜆 < 𝑘 < 1, and 𝑘 is a constant, so: 

𝜆(𝑧, 𝑧(𝑘෨), 𝑦) =
𝐿(�̂�)

𝐿(Ω̂)
< 𝑘 

Based on statistic test, then the critical area for the test 𝐻0: 𝛿 =

0, dan 𝐻1: there is at least one parameter component inside 𝛿 ≠

0 is 

V = {(𝑧𝑖𝑗1, 𝑧𝑖𝑗2, … , 𝑧𝑖𝑗𝑝);  V > 𝑘
∗ }       

If given the level of trust α, then: 
𝛼 = 𝑃(𝑅𝑒𝑗𝑒𝑐𝑡 𝐻0|𝐻0 𝑇𝑟𝑢𝑒) 
= 𝑃(V > 𝑘∗|𝛿𝑖 = 0)                                   

with 

V =
M (1 𝑛𝑝 + 𝑛𝑟𝑝)⁄

M (2 𝑛𝑡𝑝 − (𝑛𝑝+ 𝑛𝑟𝑝))⁄
~𝐹((𝑛𝑝+𝑛𝑟𝑝),𝑛𝑡𝑝−(𝑛𝑝+𝑛𝑟𝑝)) 

so, critical areas to resist 𝐻0 provided if the test statistic V 
(𝐹 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑) greater than 𝑘∗(𝐹 𝑡𝑎𝑏𝑙𝑒). 

5 CONCLUSION 
Based on the description of analysis and discussion in this 

study, it can be drawn some conclusions as follows: 

a. The estimation of spline truncated nonparametric regres-

sion parameters on the parameter space below Ω is  

𝛿መΩ = ൬𝐓
′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω

−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ
−1

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖Ω
−𝟏�̃� 

and the parameter estimate under space ω is 

𝛿መ𝜔 = 𝛿
መ
Ω − ൬𝐓

′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙, 𝐙(𝑘෨) ൰ቁ

−1

 

𝐓′ ቀ𝐙, 𝐙(𝑘෨)ቁ𝐖ω
−𝟏𝐓ቀ𝐙,𝐙(𝑘෨)ቁ𝛿መΩ 

b. Test statistics obtained: 
V > 𝑘∗       

so, it can be stated that 𝑘∗ is a test statistic, where  

𝑘∗ = (൬
1
൰
k

𝑛
2
− 1)

(𝑛 − (𝑛𝑝 + 𝑛𝑟𝑝))

(𝑛𝑝 + 𝑛𝑟𝑝)
 

c. The distribution of the test statistic obtained follows the 

distribution 𝐹((𝑛𝑝+𝑛𝑟𝑝),𝑛𝑡𝑝−(𝑛𝑝+𝑛𝑟𝑝)) 

d. The rejection area 𝐻0 is V = {(𝑧𝑖𝑗1, 𝑧𝑖𝑗2, … , 𝑧𝑖𝑗𝑝);  V > 𝑘
∗ }. If 

given a confidence level 𝛼 = 𝑃(V > 𝑘∗|𝛿𝑖 = 0) or 𝐻0 re-

jected if V(Fcalculated) > 𝑘∗(𝐹 𝑡𝑎𝑏𝑒𝑙). 
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